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Abstract
We investigate the possibility for classical metric signature change in a straightforward generalization
of the first order formulation of gravity, dubbed “Cartan gravity”. The mathematical structure of this
theory mimics the electroweak theory in that the basic ingredients are an SO(1, 4) Yang-Mills gauge
field Aabµ and a symmetry breaking Higgs field V
a, with no metric or affine structure of spacetime
presupposed. However, these structures can be recovered, with the predictions of General Relativity
exactly reproduced, whenever the Higgs field breaking the symmetry to SO(1, 3) is forced to have a
constant (positive) norm V aVa. This restriction is usually imposed “by hand”, but in analogy with the
electroweak theory we promote the gravitational Higgs field V a to a genuine dynamical field, subject to
non-trivial equations of motion. Even though we limit ourselves to actions polynomial in these variables,
we discover a rich phenomenology. Most notably we derive classical cosmological solutions exhibiting a
smooth transition between Euclidean and Lorentzian signature in the four-metric. These solutions are
non-singular and arise whenever the SO(1, 4) norm of the Higgs field changes sign i.e. the signature of
the metric of spacetime is determined dynamically by the gravitational Higgs field. It is possible to find a
plethora of such solutions and in some of them this dramatic behaviour is confined to the early universe,
with the theory asymptotically tending to Einstein gravity at late times. Curiously the theory can also
naturally embody a well-known dark energy model: Peebles-Ratra quintessence.
1 Introduction
As more and more cosmological data pours in, the question remains open as to the need, or not, for
modifications to the theory of General Relativity (see, for example, [1, 2, 3]). Most modifications of
gravity in a cosmological setting begin from the second order metric formulation. In this paper we
explore the cosmological behavior of a straightforward generalization of the first order formulation of
gravity called Cartan gravity. The mathematical structure of this theory mirrors in key aspects the
spontaneous symmetry breaking models of particle physics. It will be shown that such an approach
suggests modifications of gravity which would not have been readily considered within the second order
formalism. As we shall demonstrate in this paper, such generalizations exhibit interesting and exotic
phenomenology, in particular with regards to the issue of classical signature change in cosmology.
The standard (second-order) description of the gravitational field is provided by Einstein’s theory of
General Relativity, wherein the gravitational field is described solely in terms of the metric tensor gµν .
Up to the Hawking-Gibbons-York boundary term, the dynamics is given by the Einstein-Hilbert action:
SEH [gµν ] =
1
16πG
∫
(R− 2Λ)√−g d4x. (1)
When considered alongside the matter content of the standard model of particle physics, this theory
has enjoyed considerable success in describing the observed properties of space and time on solar system
scales. On larger scales yet (ranging from galactic scales to the largest known scales in the observable
universe) its success is more conditional. What seems unambiguously true is that to successfully account
for observations on these larger scales it is necessary to introduce an additional gravitating component
of the universe, dark matter. Furthermore, even given this additional ingredient there seems to be
considerable evidence that yet another new dynamical component is involved in the cosmological history,
1
2the dark energy. Whether dark matter and dark energy may be regarded as additional matter fields or
symptomatic of shortcomings in General Relativity has been the subject of considerable research (see [1]
and references therein).
The majority of research into possible modifications to gravity has adopted the metric formalism as
a starting point. For example, the addition to the action (1) of a term quadratic in the Ricci scalar
[4] appears to do well as an inflaton surrogate [5], capable of generating primordial fluctuations. As an
alternative explanation of late-time acceleration, authors have considered the effect of the addition of
other curvature invariants [6, 7, 8, 9, 10] or new gravitational scalar fields [11, 12]. As an alternative
explanation of the effects attributed to dark matter, additional scalar and vector fields and tensor fields
in the gravitational sector have been considered [13, 14, 15, 16, 17, 18, 19, 20, 21].
The metric formalism, however, is not the only description of gravity that can claim to be ‘unmodified
gravity’. An alternative comes in the form of Einstein-Cartan gravity where the descriptors of the
gravitational field are a gauge field for the Lorentz group (i.e. the special orthogonal group SO(1, 3))
ωIJ ≡ ωIJµdxµ and a Lorentz-vector valued one-form eI ≡ eIµdxµ (here I, J, ... = 0, 1, 2, 3). These fields
are, respectively, referred to as the spin-connection and the co-tetrad, and have dynamics described by
the following action 1:
SPH [e
I , ωIJ ] =
∫
1
32πG
(
ǫIJKL
(
eIeJRKL − Λ
6
eIeJeKeL
)
− 2
γ
eIeJR
IJ
)
(2)
where RIJ ≡ dωIJ + ωIKωKJ . This action is equivalent to the Einstein-Hilbert action (with coincident
definitions of G and Λ) only when eIµ has an inverse (i.e. there exists a well defined vector field e
µI which
satisfies eµIeJνηIJ = δ
µ
ν ). If the spin density generated by fermionic matter (which in turn sources torsion)
is zero the term involving γ (the Holst term) is a boundary term and so does not then contribute to the
dynamics of matter and gravity. Since the ensuing gravitational effect of the spin density is typically
very small we recover all the predictions of General Relativity. As an aside we note that one may also
construct Lagrangians that are SO(1, 3) invariant and non-polynomial in ωIJ and eI . This has been the
approach of Poincare gauge theory which, in addition to terms present in the constant φ limit of (5),
contains more general terms in the torsion T I . This is made possible by use of the tetrad eµI in the
Lagrangian [22, 23, 24, 25, 26, 27].
Therefore the Einstein-Cartan model is a slight generalization of General Relativity in that it does
not presuppose that the metric gµν ≡ ηIJeIµeJν is invertible and so is expected contain more solutions
than General Relativity, even when torsion vanishes. However, importantly, it can serve as a starting
point for interesting modifications to gravity that may be very difficult to arrive at if beginning from
a purely metric formalism [28]. Indeed, this approach is largely unexplored compared to the modified
gravity literature that takes a metric view of spacetime. In this paper we will explore the cosmological
consequences of one of these modifications: Cartan gravity with dynamical symmetry breaking.
This paper is structured as follows: In Section 2 we present an introduction to gravity as a gauge
theory for the de Sitter group, and explain how comparison to the electroweak model suggests a straight-
forward generalization by allowing its Higgs field to be a truly dynamical field. We will refer to such
gauge theories as Cartan gravity due to their mathematical ingredients being those of Cartan geometry
[29]. In Section 3 we introduce the dynamics of the model and discuss how a General Relativistic limit
may be obtained. In Section 4 we highlight the ability of Cartan gravity to dynamically determine the
signature of spacetime, including the possibility of signature change, the main focus of the rest of the
paper. In Section 5 we develop the formalism necessary to examine spatially homogeneous and isotropic
cosmologies in Cartan gravity. In Section 6 we present an exact solution to a sub-case of the general
Cartan gravity action which displays classical change of metric signature. In Section 7 we examine how
this solution is affected by the presence of certain other terms in the action, in particular focusing on
the recovery of vacuum General Relativity. In Section 8 we demonstrate that another sub-case of the
Cartan gravity is equivalent to a Peebles-Ratra ‘rolling-quintessence’ model.
2 Cartan gravity with dynamical symmetry breaking
Let us consider the basic ingredients of the Einstein-Cartan model. The field ωIJ is an SO(1, 3) gauge
field, and as such is one of many known gauge fields in physics (alongside the gauge fields of the standard
1For notational compactness we denote the wedge product y∧z between differential forms y and z simply as yz. For example,
if y is a one-form and z is a three-form then we have:
∫
yz =
∫
y∧z = 1
3!
∫
yµzνσδdx
µ∧dxν ∧dxσ ∧dxδ = 1
3!
∫
εµνσδyµzνσδd
4x
where εµνσδ is the contravariant Levi-Civita density related to the covariant one ǫµνρσ as εµνρσ = gµαgνβgργgσδε
αβγδ =
gǫµνρσ , where g = det(gµν) and ǫ0123 = ε0123 = +1.
3model of particle physics). The co-tetrad eI , taken as a fundamental field, has no analogue within
Yang-Mills gauge theory: it possesses a spacetime index like a gauge field but does not transform as a
gauge field under local SO(1, 3) transformations. However, as understood by MacDowell and Mansouri
[30], and later elaborated upon by Stelle, West, and Chamseddine [31, 32], one can regard gravity as
a spontaneously broken Yang-Mills type gauge theory. The idea is to enlarge the gauge group from
the six dimensional SO(1, 3) to one of the ten dimensional groups SO(1, 4), SO(2, 3), and ISO(1, 3),
corresponding respectively to the de Sitter, anti-de Sitter, and the Poincare´ group. Here we shall restrict
attention to the de Sitter group.
Cartan gravity is based upon two objects which admit a crisp geometrical interpretation [33]: an
SO(1, 4) gauge field Aab(x) ≡ Aabµ(x)dxµ (where a, b, ... = 0, 1, 2, 3, 4) and an SO(1, 4)-valued Higgs
field field V a(x). We then imagine a physical situation where V 2 ≡ ηabV aV b = const., where ηab =
diag(−1, 1, 1, 1, 1) is invariant under SO(1, 4) gauge transformations. If V 2 > 0 then we may locally
choose a gauge where V a = (0, 0, 0, 0,
√
V 2). The group of SO(1, 4) transformations Λab(x) that leaves
this form of V a unaltered is simply the Lorentz group SO(1, 3). As such we can see that the components
of the covariant derivative DµV
a ≡ ∂µV a + AabµV b orthogonal to V a (i.e. DµV I ≡ ∂µV I + AI4µV 4 =
AI4µV
4 with I = 0, . . . , 3) transform as an SO(1, 3) vector whilst possessing a spacetime index precisely
as the co-tetrad eI does. Additionally, it follows that components of the gauge field AIJ transform in
the same manner as ωIJ , i.e. as an SO(1, 3)-valued gauge connection. It can be shown [31, 34, 29] that
the following SO(1, 4) covariant action corresponds precisely to the Einstein-Cartan theory:
SSW [A
ab, V a, λ] =
∫ (
αǫabcdeV
eF abF cd + λ(V 2 − V 20 )
)
(3)
where F ab ≡ dAab + AacAcb and the Lagrange multiplier four-form field λ enforces the fixed-norm
constraint on V 2 = V 20 so as to have symmetry breaking down to SO(1, 3). It may be checked that
16πG = −V0/4α, Λ = +3/V 20 , and γ =∞.
Some preliminary comments are in order. First we note that the action (3) only contains the two vari-
ables V a and Aab: neither metric or an affine structure of spacetime are presupposed in this formulation
of gravity. In fact, it is the presence of the symmetry breaking Higgs field V a that allows for non-trivial
dynamics and actions which are not of topological character. Secondly we note that the construction
mirrors that of the electroweak theory. In the electroweak theory we have an SU(2) × U(1)-valued
Yang-Mills gauge field B and a symmetry breaking SU(2) × U(1)-valued Higgs field Φ which serves to
break the electroweak symmetry leaving the remnant symmetry U(1) of electromagnetism. We can also
note that in both cases the Higgs field possess a single degree of freedom, namely the norm (i.e. V 2 or
Φ†Φ), which is not a gauge degree of freedom and is left untouched under actions of the respective gauge
group. However, a glaring dissimilarity between the action (3) and the electroweak theory is that while
the Higgs field of the electroweak theory is treated as a genuine dynamical field (so that the gauge inde-
pendent degree of freedom Φ†Φ is subject to non-trivial equations of motion) the Higgs field of Cartan
gravity is typically treated as a non-dynamical object subject to a restriction V 2 = const. via a Lagrange
multiplier. This appears rather ad hoc from the perspective of the electroweak theory.
The electroweak theory therefore suggests a natural alternative to (3). Instead of imposing V 2 =
const. we should treat V a as a genuine dynamical field and provide dynamical equations of motion for V a
to dictate its behavior. As such the norm V 2 can vary and there is no a priori reason to expect V a to be
always space-like. If the Einstein-Cartan theory is recovered by fixing the norm of V a, a generalisation
of the Einstein-Cartan model (i.e. a modification of gravity) will follow from allowing V a to vary freely.
However this “modified gravity” theory would not be even remotely obvious taking the second order
formalism as the starting point.
3 Polynomial action and General-Relativistic limit
It is straightforward to write down the most general de-Sitter invariant action which is polynomial in
the variables {Aab, V a}:
S[Aab, V a] =
∫ (
a1ǫabcdeV
e + a2VaVcηbd + a3ηacηbd
)
F abF cd
+
(
b1ǫabcdeV
e + b2VaVcηbd + b3ηacηbd
)
DV aDV bF cd
+c1ǫabcdeV
eDV aDV bDV cDV d. (4)
Though this action may look unfamiliar, we can see that it takes on a familiar form in regimes where
V 2 = φ2 > 0, where φ is now a dynamical field i.e. it is freely varied and its behaviour is determined,
4like that of the other fields, by the equations of motion and Lagrange multiplier fields are absent. When
the above inequality is satisfied, the symmetry is broken down to SO(1, 3) and we may identify DV I
with eI and AIJ with ωIJ . The resulting action, up to boundary terms, takes the following form in an
SO(1, 4) gauge where V a = φδa4, with a = {I, 4}:
SL[φ, e
I , ωIJ ] =
∫
1
32πG(φ)
(
ǫIJKL
(
eIeJRKL − Λ(φ)
6
eIeJeKeL
)
− 2
γ(φ)
eIeJR
IJ
)
+
(
C1(φ)ǫIJKLRIJRKL + C2(φ)RIJRIJ + C3(φ)(T ITI − eIeJRIJ)
)
(5)
where
16πG(φ) =
φ
2 (−2a1 + b1φ2) , Λ(φ) = 6
(
a1 − b1φ2 + c1φ4
)
φ2 (2a1 − b1φ2) ,
γ(φ) = 2
(
2a1 − b1φ2
)
(a2 + b3)φ
, C1(φ) = a1φ, C2(φ) = a3,
C3(φ) = 2a3
φ2
+
∫ φ(2a3
φ′4
+
a2
φ′2
+
b2
2
+
b3
φ′2
)
dφ′2 + a2 (6)
and where T I ≡ deI + ωIJeJ is the torsion. Note that φ appears only algebraically, but in fact this is
merely a relic of the first-order formalism. Sub-cases of (5) correspond to scalar-tensor theories when
converted into second-order language (see, for instance, [35]). This “algebraic relic” is analogous to the
fact that eI appears only algebraically in the action (2) but the metric from which it is derived appears
in (1) via its first and second derivatives. The reason for this is that the dynamics constrain ωIJ to
be equal to derivatives of eI . Upon inclusion of a φ dependence on C3 it can be shown that ωIJ will
additionally depend upon derivatives of φ. However, if it is C1 and/or C2 which contain a dependence on
φ, it may be shown that one can no longer solve algebraically for all ωIJ : parts exist that obey their own
differential equation of motion. In these theories then, parts of the spin-connection (specifically parts of
the ‘contorsion form’) propagate and represent new degrees of freedom in the gravitational sector.
It is worth noting that the various terms in the action (5) have already separately been explored in
the literature:
• If it is only γ that depends on φ, then we recover the dynamical Immirzi parameter model of
[36, 37, 38].
• If if is only only C1 that depends on φ, then we recover the scalar-Euler form gravity model of [28].
• If it is only C2 that depends on φ then, we recover the first-order Chern-Simons modified gravity
model of [39, 40].
• If it is only C3 that depends on φ, then we recover the Nieh-Yan gravity model of [35].
• It was shown in [41] that the simple action consisting of only b1 and b2 terms corresponds to the
extensively studied Peebles-Ratra rolling quintessence model [42].
In the limit of constant φ, the action (5) corresponds to the most general SO(1, 3) invariant poly-
nomial action that can be constructed from eI and ωIJ [43]. The now-constant functions {G,Λ, γ, Ci}
admit familiar interpretations: the number G is Newton’s constant; the number Λ is the cosmological
constant; the number γ is the Barbero-Immirzi parameter, and the numbers Ci are constants multiplying,
respectively, the Euler (C1), Pontryagin (C2), and Nieh-Yan (C3) boundary terms. General Relativity in
its Einstein-Cartan form is therefore exactly reproduced whenever V 2 = const. This provides us a clear
General-Relativistic limit for the Cartan model, corresponding to V 2 → const. Departures from General
relativity in the action (5) are therefore encoded entirely in the dependence of any of {G,Λ, γ, Ci} upon
a non-constant φ (which in turn is controlled by the {ai, bi, ci} parameters of the original action).
In considering the nature of these departures, one may worry about the non-polynomial appearance
of the field φ in (5) and the implications this may have for stability of the theory. This is, however, of
course, merely a relic of the use of the ‘compound’ variable eI : for example the polynomial term AI4A
4J
becomes − 1
φ2
eIeJ . In the following calculations we will instead opt to use variables constructed from
Aab and V a such that the Lagrangian remains polynomial2.
2However, we note that the existence of polynomial Lagrangians and equations of motion in itself cannot guarantee the
absence of pathological behaviour. e.g. consider the equation dx/dt = x3 whose general solution becomes singular at finite t
for positive initial values of x
54 The prospect of signature change in the new theory
The coupling between the Einstein-Cartan fields {eI , ωIJ} and φ described by (5) allows for a considerable
amount of modification to standard gravitation. However, these modifications cover only regimes where
the SO(1, 4) norm of the Higgs field satisfies V 2 = V aVa > 0, something which is not imposed as
a constraint. If, for instance, there exist solutions where V 2 < 0 over some region of the spacetime
manifold, then the remnant symmetry of the theory is not SO(1, 3) but instead SO(4), i.e. the four
dimensional Euclidean group, and one may utilise a gauge where V a = ψδa0 , with a = {0, I} (where
I,J , ... now represent four-dimensional Euclidean indices). Then one may deduce an analog to (5)
describing a very general coupling of a scalar field ψ to Euclidean Einstein-Cartan gravitational fields
ωIJ = AIJ and eI = DV I . In the limit ψ → const it may be seen that Euclidean Einstein-Cartan
gravity with a cosmological constant plus boundary terms are recovered.
Therefore, as V a is now regarded as a genuine dynamical field with its own equations of motion,
it is conceivable that there exist solutions where V 2 changes sign, and thus the signature of spacetime
changes, in the sense of the remnant symmetry group will vary. These solutions do exist and in fact
appear naturally. The rest of this paper will be devoted to exhibiting them, and discussing their patterns.
In order to better appreciate their significance, it will be useful to start by discussing the status of the
metric signature in the second order formalism of General Relativity and in the Einstein-Cartan model.
In General Relativity the possibility of classical signature change remains controversial. One may
take the view that the field equations alone determine what kind of solutions are allowed. Then, the
restriction to globally hyperbolic spacetimes can be regarded as an ad hoc restriction. Instead, we may
regard solutions with closed time-like curves (e.g. the Go¨del and Kerr solutions) to be physically allowed
spacetimes, as they appear naturally as exact solutions of the Einstein field equations. Although this
view is controversial, it may equally well be applied to the issue of the signature of spacetime, i.e. how
many space- and time-dimensions we have. As a demonstration that signature change is indeed possible
within General Relativity one may consider the Einstein field equations sourced by a minimally coupled
scalar field in FRW symmetry, and search for cosmological solutions fitting into the ansatz gtt = f(t)
where f(t) < 0 for t > t0 and f(t) > 0 for t < t0 [44, 45, 46]. These solutions do exist, but they are quite
distinct from those about to be shown here. Our solutions are dynamically determined by the evolution
equations; instead the sign of gtt in the second order formalism is not determined by the Einstein field
equations.
In contrast, the signature of the spacetime metric in four-dimensional Einstein-Cartan theory is
unambiguous, and signature change is not possible. To see this consider the SO(1, 3) Einstein-Cartan
model and recall that the four dimensional metric follows from the relation gµν = ηIJe
I
µe
J
ν . Due to the
signature of the SO(1, 3) invariant matrix ηIJ = diag(−1, 1, 1, 1) it is impossible to construct a metric
gµν with signature (+,+,+,+) for real e
I
µ. There are caveats to this argument, found by extending
the number of spacetime dimensions (as opposed to the internal symmetry group, as in Cartan theory).
Since (2) does not assume invertibility of the matrix eIµ, there may exist solutions where there are
regions where the metric has signature (0,+,+,+) or (−, 0,+,+), thereby “obliterating” one dimension.
Therefore apparent signature change would be possible, for example, taking a 5D space with signature
(−,+,+,+,+), and transitioning from degenerate solutions of the form (−,+,+,+, 0) to those of the
form (0,+,+,+,+). Similar transitions via degenerate solutions can be used to implement topology
change in the Einstein-Cartan formalism [47]. Nonetheless it is true that if we restrict ourselves to a
fixed number of target space dimensions, then signature change in the Einstein-Cartan formalism appears
forbidden.
By enlarging the internal group to SO(1, 4) and then breaking it via a Higgs field valued on this
group, the situation is quite distinct from these two cases, as we now show.
5 FRW Symmetry
Let us now consider cosmological solutions. These are solutions that are both homogeneous and isotropic
on three-dimensional sub manifolds, i.e. display FRW symmetry. Due to the fact that the basic variables
Aab and V a carry gauge indices (a, b, . . . ) it is not straightforward to impose FRW symmetry, i.e. we
cannot naively require the solutions to satisfy the standard Killing equations ignoring the gauge indices.
How this problem is circumvented is explained in detail in Appendix A where it is shown that the most
6general functional form in spherical coordinates (t, r, θ, ϕ) of Aab and V a satisfying FRW symmetry is
V a
∗
= (ψ(t), 0, 0, 0, φ(t)) (7)
Aab
∗
=

 0 B(t)Ej N(t)E0−B(t)Ei ωij A(t)Ei
−N(t)E0 −A(t)Ej 0

 (8)
where
E1 =
dr
K(r)
E2 = rdθ E3 = r sin θdϕ K(r) =
√
1− kr2 k = −1, 0,+1 (9)
and [28]
ω0i = BEi ω12 = −K(r)
r
E2 −CE3 ω13 = −K(r)
r
E3 +CE2 ω23 = − cot θ
r
E3 − CE1 (10)
and C = C(t). The curvature F ab becomes
F kl = −C˙ǫklmE0Em + (k +B2 − A2 − C2)EkEl (11)
F 0j = (B˙ −NA)E0Ej +BCǫjmnEmEn (12)
F j4 = (A˙−NB)E0Ej + ACǫjmnEmEn (13)
where E0 ≡ dt and a dot denotes a derivative with respect to t.
Note that we have only partially fixed the gauge, i.e. we have imposed V i = 0, i = 1, 2, 3, but allowed
for a non-zero V 0 = ψ(t). This is necessary, since requiring ψ = 0 would unduly exclude a time-like
symmetry breaking field V a, and so be unable to cover a signature change event. Given the identification
(see Section 2) of eI with DV I when V 2 > 0 and eI = DV I when V 2 < 0 and given the ansatz (7) we
identify the 3-metric on surfaces of constant t as follows:
hµν ≡ δijDµV iDνV j ≡ a(t)2δijEiµEjν (14)
where the function a(t) is the scale-factor. To go beyond this in the general case we need one further
formal development.
5.1 Covariant Formalism
It is possible to cover situations in which space-like and time-like V a fields are present by allowing for
a different partial gauge fixing, in which two components of V a are allowed to be non-vanishing, one
space-like, one time-like. In using a form for V a with two independent components (ψ, φ) we retain a
residual SO(1, 1) gauge freedom. Under such a SO(1, 1) gauge transformation the components ψ and φ
transform as an SO(1, 1) vector. Therefore we can consider a new object, SO(1, 1) vector V A = (ψ, φ),
where the indices A,B, ... (i.e. Latin capitals in the first half of the alphabet) can only take two values:
0 and 4 (as opposed to I, J, ... used, e.g. in (5), which run from 0 to 3). Furthermore, by inspection
AAi = (BEi,−AEi) transforms as a one-form valued in the group SO(1, 1) × SO(3), which we will
denote WAEi. Finally it may be checked that AAB transforms as an SO(1, 1) gauge field whilst ωij , as
expected, transforms as an SO(3) gauge field. Therefore we may express the components of the curvature
F ab under FRW symmetry in a manifestly SO(1, 1)× SO(3) covariant manner:
F kl = −C˙ǫkliE0Ei + (k −W 2 −C2)EkEl (15)
FAj = DWAE0Ej +WACǫjmnEmEn (16)
FAB = 0 (17)
where D is the SO(1, 1) covariant derivative. Furthermore we have that:
DV i = −WAVAEi (18)
DV A = DV A . (19)
By comparison with the definition of hµν we may identify the scale factor:
a(t) ≡ −WAV A (20)
which, as expected, is a gauge-invariant quantity.
75.2 Metric tensors
From a Cartan-geometric point of view the metric structure of the manifold is given by
gµν = PabDµV
aDνV
b (21)
where Pab = ηab− VaVbV 2 is a projector. However, there are other symmetric second rank tensors that can
be constructed from the pair {Aab, V a}. This situation is similar to that of scalar-tensor theory in the
second-order formalism of gravity i.e. where the fields are a spacetime metric gµν and scalar field α(t).
There one has the freedom to define a class of other metrics on spacetime via the following disformal
relation [12, 48]:
g˜µν ≡ f˜1(α)gµν − f˜2(α)∂µα∂να (22)
where a choice of functions f˜1 and f˜2 specify the transformation. As α = α(t) we have that the non-
‘time-time’ components of g˜µν and gµν agree up to the time-dependent scaling f˜1. Analogously, consider
the following tensor:
Gµν ≡ DµV aDνVa = δijDµV iDνV j + ηABDµV ADνV B (23)
and a class of tensors
G˜µν ≡ F˜1(V 2)DµV aDνVa + F˜2(V 2)DµV 2DνV 2 (24)
One particularly important tensor corresponds to the metric gµν = ηIJe
I
µe
J
µ whenever V
2 ≡ ηabV aV b > 0
(viz. equation (5)) and is given by the following choice for functions:
gµν ≡
(
ηab − VaVb
V 2
)
DµV
aDνV
b (25)
= DµV
aDνVa − 1
4V 2
DµV
2DνV
2 (26)
i.e. it is the part of Gµν with gradients of V 2 projected out.
We note that when V 2 > 0 the signature of gµν is (−,+,+,+) and, as may be checked, when V 2 < 0
the signature of gµν is (+,+,+,+). At any moment when ∂tV
2 = 0 , all G˜µν are related by a conformal
factor F˜1 and so agree on the metric signature. Note that gµν is not necessarily well-defined at V
2 = 0.
6 Classical Signature Change in the simplest case
We first examine the case where the action consists of only the a1 term and a1 does not depend on V
2.
We will refer to this as the a1-action. Note that this action is identical to the action (3) in the absence
of the fixed-norm constraint upon V a. We now proceed to write this action in terms of the covariant
notation of the previous section:
Sa1 =
∫
a1ǫabcdeV
eF abF cd =
∫
4a1ǫAjklBV
BFAjF kl
=
∫
4a1ǫjklǫABV
B
(
DWAE0Ej(k −W 2 − C2)EkEl −WACǫjmnEmEnC˙ǫkliE0Ei
)
=
∫
dt4a1V¯A
(
DWA(k −W 2 − C2)− 2C˙CWA
)∫
Σ
ǫjklE
jEkEl (27)
where we have introduced the notation V¯A ≡ ǫABV B . The integration over the spatial hypersurface Σ
can be carried out trivially and we can read off the FRW reduced action as
Sa1(FRW ) =
∫
dt4a1(V¯ADWA(k −W 2 − C2)− 2C˙CWAV¯A)
=
∫
dt4a1(V¯ADWA(k −W 2 − C2) + C2D(WAV¯A)) (28)
8Varying with respect to N , WA, V A, and C yields:
0 = VAW
A(k −W 2 − C2) (29)
0 = −DV¯A(k −W 2 − C2) + V¯ADW 2 − 2WAV¯BDWB (30)
0 = DW¯A(k −W 2 − C2)− 2C˙CW¯A (31)
0 = CWADV¯A. (32)
Recalling the definition of the scale factor a(t) ≡ −WAV A, we recognize that the first equation reads
a(k −W 2 − C2) = 0. Generally we do not expect the scale factor to be always zero, so we choose to
impose the condition k −W 2 − C2 = 0 in the remaining equations. We make the following ansatz for
WA:
WA =
1
2
(
k −C2 + 1)WA + 1
2
(
k − C2 − 1) W¯A (33)
whereWAWA = 1. One can check that this ansatz is indeed consistent withWAWA = (k−C2). Because
of the unit norm condition on WA, we can always parameterise it as follows:
W0 = sinh f(t) W4 = cosh f(t) (34)
We see from the equations of motion that we must evaluate DWA. We see that given the ansatz (33)
and the parameterisation (34) we may write this covariant derivative in terms of time derivatives of C
and the quantity DWA = −(f˙ +N)W¯A ≡ NW¯A. Now we use these results in the equations of motion
to yield:
0 = C˙CW¯A (35)
0 = −
(
Na− C˙C a¯+ a
k − C2
)
WA − C˙CV¯A (36)
0 = −2C
(
Na− C˙C a¯+ a
k −C2
)
+ 2C ˙¯a (37)
where a¯ ≡ V¯AWA. Assuming that WA 6= 0 and C 6= 0, we then have that
C˙ = 0 (38)
˙¯a = 0 (39)
N = −(f˙ +N) = 0 (40)
whereas the condition W 2 = (k − C2) may be written in the form:
a2 − a¯2 = (k − C2)V 2. (41)
It is now important to introduce some notion of proper time. In Section 5.2 we considered two tensors
gµν and Gµν from which we can extract two different proper times both agreeing with each other in the
V 2 = const. regime. Using the above results and the definitions (26) and (23) yields
Gµνdxµdxν = 1
k − C2
(
d
√
a¯2 + V 2(k − C2)
dt
)2
dt2 + a2δijE
i
µE
j
ν (42)
and
gµνdx
µdxν = − a¯
2a˙2
(k − C2)2V 2 dt
2 + a2δijE
i
µE
j
ν . (43)
From (42) we may define a proper length T according to Gµνdx
µdxν :
dT 2 =
1
k − C2 d
√
a¯2 + V 2(k − C2)2. (44)
9First we consider the case where k − C2 > 0. Recalling the constancy of a¯ and C, this can readily be
integrated to obtain:
V 2 = − a¯
2
(k − C2) +
1
4
(T − T0)2 (45)
where T0 is a constant of integration. Furthermore, using equation (41) we have
a2 =
(k − C2)
4
(T − T0)2. (46)
We see then that in terms of T , V 2 is negative between times T = T0 ± 2a¯/(k − C2)1/2, reaching a
minimum value of −a¯2/(k − C2) at T = T0. At T0 we have that a2 = 0. At other times, V 2 > 0 is
positive and both V 2 and a2 grow without bound. The solution for the case k − C2 < 0 follows simply
from the substitution V 2 → −V 2 in (45) and (k −C2)→ −(k − C2) in (46).
From (43) we may define an alternative proper length τ according to gµνdx
µdxν . From (43) we see
that the sign of gtt depends only on the sign of V
2. For k − C2 > 0 < 1− a2
a¯2
we have
dτ =
da√
(k − C2)(1− a2
a¯2
)
(47)
where τ is the proper-time. Hence we get
a = a¯ sin
(√
(k − C2)
a¯
(τ − τ−)
)
. (48)
For k −C2 > 0 < a2
a¯2
− 1 we get
dτ =
da√
(k − C2)( a2
a¯2
− 1)
(49)
which integrated becomes
a = a¯ cosh
(√
k − C2(τ − τ+)
a¯
)
. (50)
The corresponding V 2(τ ) can simply be read off from (41).
Recall the definitions a = −WAV A and a¯ = ǫABWAV B . For solutions where a and a¯ are non-zero
when V 2 = 0, the field V A is passing through the null cone from one-sign norm to another rather than
actually involving the point V A = 0. Any solutions involving V A(T0) = 0 are expected to concomitantly
have a(T0) = a¯(T0) = 0. Any moment where V
A = 0 is a moment where symmetry breaking due to V A
is absent. Such initial data would seem to imply from equation (45) that
V 2 =
sign(k − C2)
4
(T − T0)2 (if V A(T0) = 0). (51)
An identical solution follows by requiring that instead only WA(T0) = 0 or V
A(T0) = W
A(T0) = 0. It
can be checked that for these solutions Gµν(T0) = 0.
Note that sign(GTT ) = sign(k − C2) and sign(gττ ) = sign(V 2). Therefore, for example, although V 2
changes sign in the solution described by equations (45) and (46), the sign of GTT is never negative and
so signature change according to the metric Gµν does not happen. By definition the metric gµν is directly
sensitive to the remnant symmetry of the field equations given by some V 2(xµ): SO(4) when gττ > 0
and SO(1, 3) when gττ < 0. We will see in Section 7 that there exist solutions for more complicated
cases (i.e. cases involving more parameters of the action being non-zero) where every possible metric of
the class defined in (24) ‘agree’ that signature change has taken place.
Clearly then the determinant of whether V 2 grows unbounded with respect to T or τ in regimes
where it is positive or negative depends only on the sign of the constant of the motion k−C2. The case
k − C2 = 0 is special. From (41) we immediately see that here we have a2 = a¯2 i.e. a static universe.
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Figure 1: Evolution of the modulus of the scale factor for a solution following from an action described by an a1
term for the case k = 1, C = 0. gtt < 0 for green areas and gtt > 0 for blue areas. Evolution is displayed with
respect to a Cartesian coordinate of a flat space (blue region) or spacetime (green region), which one may consider
the surface to be piecewise embedded in. As discussed in Section 6.1, care must be taken for the interpretation of
the interface between green and blue regions and the meeting of the ‘south and north pole’ within the blue region.
6.1 Interpretation of results
The above solutions display a number of properties that are unfamiliar from the metric Riemannian
perspective. For example, at different moments during the evolution the metric components gττ or
gij vanish, rendering the spacetime metric non-invertible and degenerate. One may worry that these
instances represent singularities of some kind, perhaps signified by the divergence of spacetime scalars
which explicitly involve the inverse metric, for instance the Ricci scalar R ≡ gµνRµν which requires a
well-defined metric inverse gµν .
To address these concerns we must keep in mind the mathematical framework in which these solutions
were obtained. The fundamental field variable in a Cartan-geometric formulation is not the spacetime
metric. Rather, the fundamental field variables are V a and Aab which always appear polynomially in
the equations. This should be contrasted to the Einstein field equations in which the metric inverse
appears frequently. Thus, within a metric Riemannian formulation the absence of a well-defined metric
inverse leads to mathematical difficulties for the differential equations. In contrast, the solution in Fig. 6
comes from evolving the fields Aab and V a using equation which are polynomial. When imposing FRW
symmetry the partial differential equations reduces to first order ordinary differential equations with
respect to a suitable cosmic time parameter. If the solutions are smooth over the entire manifold, thus
rendering the polynomial Lagrangian four-form smooth and finite, then it becomes appropriate to view
these solutions as non-singular. This condition for acceptability of solutions is more general than the
requirement that the metric tensor gµν(V,A) constructed from the basic dynamical variables {Aab, V a}
must always be invertible.
Furthermore, even though the scale factor a becomes zero we stress that this has no bearing on what
the underlying topology is. Indeed, the equations of motion and their solutions are defined on a manifold
with topology either R×R3 (k = 0), R×H3 (k = −1), or R× S3 (k = 1). That the scale factor may
vanish at some time does not change this.
The solutions (48) and (50) are remarkably simple and provide a classical realization of the Hartle-
Hawking no-boundary proposal (with one caveat to be discussed below). When V 2 < 0 the scale-factor is
described by (48) and, choosing the arbitrary constant τ− to be 0, yields the following spacetime metric
for |τ | < τ+ ≡ πa¯/(2
√
k −C2):
gµνdx
µdxν = dτ 2 + a¯2 sin2
(√
(1−C2)
a¯
τ
)
dΩ23 (52)
=
a¯2
1− C2
(
dβ2 + (1− C2) sin2 βdΩ23
)
(53)
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where β =
√
(1−C2)
a¯
τ , dΩ23 is the metric of the unit three-sphere, and we have used the fact that k = 1
for this solution. We see that when C = 0 this is the metric of a four-sphere with radius a¯. However,
the solution obtained from the Cartan-geometric equations of motion do not ‘stop’ at the south pole.
Instead, as shown in Fig. 6, attached to the south pole we find a north pole and the solution extends
‘past’ the south pole. This must be contrasted to the Hartle-Hawking no-boundary proposal in which it
would be nonsensical to ask what ‘happened before’ the big bang as this would be like asking ‘what is
south of the the south pole?’. We might be worried about the potentially unhealthy looking ‘pinch’ in
the geometry (the moment τ = 0), joining a south pole to a north pole. However, within the polynomial
Cartan-geometric formulation such a pinch is more accurately thought of as a ‘moment’ where the scale
factor is zero and the spatial metric degenerate over a sub-manifold with the topology of S3.
We see that the particular form of a solution (i.e. that the scale factor a becomes zero) does not dictate
the underlying topology in a Cartan geometric formulation. Indeed, this example is highly reminiscent
of the example considered by Horowitz [47] for the metric gµνdx
µdxν = −dt2 + t2dx2 + dy2 + dz2 where
x, y, z are identified with x+1, y+1, z+1 respectively. For y and z constant the two-metric is that of a
cone when t 6= 0. For t = 0 the metric is non-invertible but in the Einstein-Cartan formulation of gravity
the solution yielding this metric is described by fields eI and ωIJ which are smooth for −∞ ≤ t ≤ +∞.
Again, the polynomial character of the Einstein-Cartan equations of motion removes the necessity of a
well-defined metric inverse.
For 0 < C < 1, the factor
√
1− C2 may be absorbed into the definition of angular coordinates on
the three-sphere, attenuating their range by this factor. This would appear to be a higher dimensional
generalization of the ‘American football’ geometry that can be achieved by removing an angular section
covering azimuthal angle φ0 from a two-sphere (see for example Figure 1 of [49]). Treated as a metric
geometry, one would usually regard β = 0 as the ‘location’ of a conical singularity; as in the case where
C = 0 though, it seems more accurate in this case to think of this again as the location of a degenerate
spatial metric 3.
When V 2 > 0 the scale factor is described by (50) and yields the following spacetime metric for
|τ | > τ+:
gµνdx
µdxν = −dτ 2 + a¯2 cosh2
(√
(1− C2)
a¯
(τ − τ+)
)
dΩ23 (54)
=
a¯2
1− C2
(−dα2 + (1− C2) cosh2 (α− α+) dΩ23) (55)
where V 2(τ+) = 0. This metric corresponds to the metric of de-Sitter spacetime with de-Sitter radius a¯
when C = 0. It may be checked that the curvature tensor F ab = 0 vanishes here, as one may expect.
The moment where V 2 = 0 marks the transition between Euclidean and Lorentzian regimes. In line
with our previous remarks there is nothing pathological here as our basic fields are smooth, continuous,
and differentiable at this moment just as at all other points on the manifold. Whether this behaviour
persists following the introduction of realistic matter content is quite another issue and we postpone this
question for future work. However, we note that geodesics are well-behaved in the geometry of Fig. 6
(see e.g. [44]). Furthermore, it is encouraging to note that actions for matter may be readily constructed
which are polynomial in matter and the fields {Aab, V a} and free of terms which require invertibility
of the metric [34, 51]. Another way to further probe whether signature change and ‘pinches’ causes
problems is to study perturbations of V a and Aab around this background solution.
7 Adding other terms to the a1 action
We have seen in Section 2 that the terms due to a1 reduce to the Palatini action plus cosmological
constant when V 2 is constant. However, the solutions of Section 6 do not dynamically lead to a freezing
of V 2, and therefore an approximate reduction to Einstein gravity. This means that although this model
is a good toy-model for signature change in the first order formalism, it cannot be taken as a viable model
for our Universe. It is therefore necessary to consider what happens if other terms are ‘switched-on’,
together with a1, in the hope that this may lead to more realistic models. This will also give us some
insight into the robustness of the signature change solution of the previous section. A simple addition is
3Interestingly, this interpretation of degenerate metrics on sub-manifolds of R× S3 manifolds has been examined in detail
for the case where the metric is degenerate not on S3 sub-manifolds but R× S2 sub-manifolds i.e. the spatial metric is taken
to be degenerate on S2 sub-manifolds of S3 and for all-moments of time rather than merely an instant as in this case [50, 29]
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to consider a b2 term alongside the a1 term of (4). This term explicitly contains gradients of V
2 and so
should be sensitive to the dynamics of V 2. In FRW symmetry, the a1 − b2 action takes the form:
Sa1b2 =
∫
dt4a1
(
V¯ · DW (k −W 2) + C2W · DV¯ − χCV · DV (W · V )2) (56)
where χ ≡ b2/8a1. As in the case where only the a1 term is non-zero, variation with respect to N yields
the constraint:
a(W 2 − k + C2) = 0 . (57)
Therefore we may again make the ansatz (33) expressingWA as a function of k, C2 and the unit-spacelike
vector WA, which again is parameterised by a function f(t). After calculation (detailed in Appendix C)
it can be shown that the remaining field equations may be cast in the form
˙(V 2) = −N (a− a¯)
χCV 2
(58)
C˙ =
N (a− a¯)a¯
CV 2
(59)
˙¯a = −N (a− a¯)(a
2 − 2C2V 2)
2C2V 2
(60)
where we recall that N ≡ −(f˙ +N). Additionally we have the constraint provided by the N equation of
motion:
a2 − a¯2 = (k − C2)V 2 . (61)
As in the case where only a1 is non-zero, we may use the forms of gtt and Gtt to relate the coordinate t
to the proper distances τ and T :
gtt = −N 2 (k − C
2)2(a2χV 2 − a¯C)2
4χ2a2(a+ a¯)2C4V 2
(62)
Gtt = −N 2 (k − C
2)(C(k − C2) + a2χ(a+ a¯))(C(C2 − k) + a2χ(a− a¯))
4χ2a2(a+ a¯)2C4
. (63)
This fully specifies our mathematical problem. However, a further manipulation significantly clarifies the
presentation of its solutions.
7.1 Dimensionless quantities
In our equations we have only one dimensionful constant, namely χ which has dimensions of L−3. The
magnitude |χ| only serves to rescale the variables in a solution and it is therefore a good idea to eliminate
it by introducing dimensionless variables:
a = α|χ|−1/3 a¯ = α¯|χ|−1/3 C = C V 2 = V2|χ|−2/3. (64)
The equations of motion then take the form
V˙2 = −N (α− α¯)CV2 (65)
C˙ = N (α− α¯)α¯CV2 (66)
˙¯α = −N (α− α¯)(α
2 − 2C2V2)
2C2V2 (67)
whilst the constraint becomes
α2 − α¯2 = (k − C2)V2 (68)
and the tt component of the metrics gµν and Gµν turn into
|χ|2/3gtt = −N 2 (k − C
2)2(α2V2 − α¯C)2
4α2(α+ α¯)2C4V2 (69)
|χ|2/3Gtt = −N 2 (k − C
2)(C(k − C2) + α2(α+ α¯))(C(C2 − k) + α2(α− α¯))
4α2(α+ α¯)2C4 . (70)
These are the variables in terms of which we will explore the space of solutions for our theory.
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7.2 Solutions
Collectively we have five fields N (t), α(t), α¯(t),C(t),V2(t). We choose a form of N such that, via (69),
the coordinate time t coincides with proper-time τ . The equations (65) to (67) are first-order evolution
equations and so we need to specify the values of fields at some initial moment τ0 in order to solve them.
In choosing initial data α(τ0), C(τ0), and V2(τ0) we can further obtain a value for α¯(τ0) via the constraint
equation (68). As this involves taking a square-root, there are two allowable values of α¯(τ0) for each
{α(τ0), C(τ0),V2(τ0)}: +|α¯(τ0)| and −|α¯(τ0)|. By inspection of the equations of motion, evolution from
initial data {α(τ0), C(τ0),V2(τ0),−|α¯(τ0)|} is of identical functional form to evolution from initial data
{−α(τ0),−C(τ0),V2(τ0),+|α¯(τ0)|}. Therefore, in exploring the solution space, it is sufficient to always
consider the value +|α¯(τ0)| as the evolution from considering the other square root may be found by
simply considering different initial values for the triple {α, C,V2}.
We have investigated the properties of this system numerically in detail for the case k = 1, finding
the general properties illustrated and enumerated in the parametric plots of solutions α(τ ) and V2(τ )
displayed in Figure 2. Figure 3, plotting {α(τ ), C(τ ),V2(τ )}, illustrates further these various cases,
showing that the contorsion scalar C(τ ) plays a crucial role in the diversity of these solutions. The
following qualitatively different types of solution (labelled in Figure 2) may be identified:
1. In Case 1 there is no signature change. From Figure 2 it can be seen that the magnitude of the
dimensionless scale factor α tends to ∞ asymptotically, reaching a finite minimum value at an
intermediate time. This may be interpreted as eternal contraction of the universe, pause of con-
traction at finite α, then an infinite period of expansion i.e. the solutions describe a non-singular
bouncing universe with unchanging metric signature. Cases 1a) and 1b) represent indistinguish-
able universes—they differ only by arbitrary choice of orientation of the basis one-forms Ei. V2
asymptotically tends to differing constant values of the same sign as proper time tends to −∞ and
+∞. By inspection of the action (5) we see then that asymptotically we recover Lorentzian general
relativity with differing, necessarily positive, values of the cosmological constant Λ.
2. In Case 2, V2 oscillates eternally between positive and negative values as illustrated in Figure 4.
As also shown, α also oscillates around α = 0 eternally, reaching a maximal |α| before returning
to α = 0. Although α = 0 is crossed the solution is non-singular. In all cycles as the Universe
contracts below a certain size, and before it expands beyond the same size, there is an Euclidean
phase. There is also a crossing of α = 0 in the Lorentzian phase. Thus we have eternal oscillations
around α = 0 up to a maximal |α|, with an oscillation between Euclidian and Lorentzian signatures
in each cycle.
3. In Case 3, V2 asymptotes to the same, constant positive value of V2 as proper time tends to
−∞ and +∞, thus once again asymptotically recovering General Relativity with identical, positive
cosmological constant in each limit. In between these limits, as illustrated in Figure 4, V2 transitions
to a negative value; during this period of negative V2, α passes through zero (without singularity).
Thus, we have contraction from α = −∞ to α = 0 followed by expansion to α = ∞, with an
Euclidian phase around α = 0, and Lorentzian Einstein gravity asymptotically. The value of the
cosmological constant Λ asymptotically is positive and identical in each case.
4. In Case 4, V2 asymptotes to the same, positive constant value of V2. Although varying in between
these limits, V2 never changes sign, and so the Universe is always Lorentzian. Unlike Case 1, this
case involves α passing through zero. Like Case 3, we have contraction from α = −∞ to α = 0
followed by expansion to α =∞, but without signature change.
5. Case 5 may be seen as an Euclidean mirror-image of Case 4. V2 asymptotes to the same, negative
constant value of V2 and does not change sign in between these limits. As in case 4, α passes
through 0. By considering the analog of the action (5) it would be found that asymptotically it is
Euclidean General Relativity with a negative cosmological constant that is recovered. The geometry
of such a solution in General Relativity is that of a surface −w2 + x2 + y2 + z2 + v2 = −const2
embedded in a five-dimensional Minkowski space of signature (−,+,+,+,+) i.e. the surface is a
higher dimensional hyperboloid of two-sheets. The intervening modification to General Relativity
may be seen as a Euclidean ‘bridge’ that joins surfaces together that asymptote to the above two
sheets.
6. Case 6 may be seen as the mirror-image of Case 3. Now the Universe is Euclidean either side of a
Lorentzian phase around α = 0. The Euclidean regimes asymptote to Euclidean General Relativity
with a negative cosmological constant as in Case 5.
7. The cases 7a) and 7b) may be seen as the Euclidean mirror-image of cases 1a) and 1b).
It is noteworthy that the majority of these cases asymptote to General Relativity (either Lorentzian
or Euclidean) with a cosmological constant that gives rise to a scale factor varying exponentially with
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Figure 2: Parametric plot displaying the dimensionless scale-factor as a function of proper-time, α(τ ), and the
SO(1, 4) norm of the gravitational Higgs field as a function of proper time, V2(τ ), for the system where a1 and b2
are non-zero. We have labelled the various qualitatively different cases, as referred to in the main text. Lines and
sections of line in green represent Lorentzian signature, those in blue denote Euclidean signature.
respect to the parameter τ .. In Figure 5 we pick two of these cases to illustrate the point made at the end
of Section 5, regarding the different possible metrics that can be adopted. We see that for the solution
which contains a Euclidean regime between asymptotically Lorentzian General Relativity regimes, the
sign of Gττ and gττ do not always agree but agree at large |τ |; for the solution with oscillating signature
of the metric gµν , we note that the sign of Gττ and gττ always agree.
Finally we can consider the nature of the solutions with V a(T0) = 0 and/or W
a(T0) = 0. By
inspection the contribution of the b2 term to the equations of motion completely vanishes in this limit
and so for T → T0 we expect solutions to asymptote to the corresponding case when only a1 6= 0.
Consequently for T close to T0, V
2 will evolve as in (51), and in doing so its evolution will become
sensitive to the influence of terms in the equations of motion due to the b2 term. It is conceivable that
regimes exist in the early universe with V a = 0, so that the SO(1, 1) symmetry is unbroken by the
Higgs field. If that does happen, with a phase transition leading to broken symmetry, it is interesting
to speculate whether there may be remnant topological defects corresponding to, for instance, signature
change surfaces.
8 More general actions and quintessence
Thus far we have not considered the effects of the {a2, a3, b1, b3, c1}. In Appendix B, the action for
arbitrary, constant {ai, bi, c1} in FRW symmetry is presented up to boundary terms. Some general
aspects of the influence of these terms were discussed in [41] without any particular spacetime symmetry
assumed. By way of simplification, it may be shown that for constant a3, the accompanying contribution
to the Lagrangian is a boundary term and so will not contribute classically to the dynamics. Furthermore
it may be shown via integration by parts that a constant a2 term contributes identically to the equations
of motion as does the term b3. It is notable that a particular sub-case of the action (4) corresponds to
the widely studied Peebles-Ratra quintessence model; this is the case where only b1 and b2 are non-zero.
This is proved for a general Lorentzian spacetime (i.e. a spacetime where we may assume V 2 > 0) in
[41]. Considered as a specific case of (5) and assuming that b1 and b2 are constant we have
Sb1b2 [φ, e
I , ωIJ ] =
∫
b1φǫIJKL
(
eIeJRKL − 1
φ2
eIeJeKeL
)
+
b2φ
2
2
(T ITI − eIeJRIJ )
)
(71)
From the equations of motion obtained by varying with respect to ωIJ we may solve for the contorsion
CIJ :
CIJ =
1
2φ2
e[I∂J]φ
2 +
b2
8b1φ
ǫIJKL∂
Kφ2eL (72)
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Figure 3: Three dimensional parametric plot displaying solutions in terms of α(τ ), V2(τ ) and C(τ ). We have plotted
the same cases which appear in Figure 2, but dropped the labels for clarity. As in Figure 2, green sections represent
Lorentzian signature, blue denotes Euclidean signature.
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Figure 4: The evolution of V2 and α as a function of proper-time τ for a solution containing a Euclidean region
between asymptotically Lorentzian General Relativity (dashed line) and a solution with oscillating sign of V2 (solid).
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Figure 5: Plot of Gττ (solid line) vs gττ (dashed) as a function of parameter τ for asymptotically Lorentzian General
Relativity solution (left) and oscillating signature solution (right).
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where ∂L ≡ eµL∂µ. Insertion of this solution into the action (71) we obtain an action that is a functional
only of φ and gµν ≡ ηIJeIµeJν . Upon a conformal rescaling of g˜µν = φgµν and redefinition of φ by a
constant factor one recovers, up to boundary terms
S′b1b2 =
∫
d4
√
−g˜
(
κ1R˜ − g˜µν∂µφ∂νφ− κ2
φ3
)
. (73)
This is an example of Peebles-Ratra quintessence [42, 52], and it would be interesting to investigate how
a signature change scenario could be integrated with a late-time acceleration period, and how they would
interact. We have confirmed numerically that a system with non-zero {a1, b1, b2} can indeed exhibit an
intermediate signature change regime between asymptotically tending to Peebles-Ratra quintessence as
described by (73); however, we defer to a future publication a more comprehensive analysis of the full
parameter space of these theories.
9 Discussion
In this paper we have examined extensions of General Relativity which are natural from the point of
view of the first order, or “Einstein-Cartan” formalism, but not within the context of the second order
formalism. The idea used for modifying the dynamics is similar in flavour to the compactification of
extra spacetime dimensions, but instead it is based on the introduction of a larger internal symmetry
group, which is then broken (i.e. “internally compactified”) to the usual Lorentz group. This is achieved
by a mechanism reminiscent of the Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism for the elec-
troweak interactions, and the idea was used before [31, 34] to explain the awkward existence of the tetrad,
beside the gauge field, in the Einstein-Cartan formulation [51]. The glaring presence of a metric field
sets gravity apart from other other field theories in physics (though of course they couple to the metric).
By extending the gauge group (for example, to the de Sitter group) and then spontaneously breaking it
by means of a “gravitational Higgs field” V a, the tetrad emerges naturally. In the approaches of [31, 34]
the symmetry breaking field is non-dynamically forced to have a constant modulus (and be space-like).
By dropping this restriction we are naturally led to an extension of Einstein-Cartan gravity. As we have
demonstrated in this paper, many solutions are characterized by V 2 approaching a constant value for
large proper times |τ | and so reduce to Einstein gravity with cosmological constant. That this is indeed
possible is by no means trivial given the unfamiliar form of the polynomial action (4).
That V 2 settles down to a constant value would appear similar to symmetry breaking in the elec-
troweak theory where |Φ|2 attains a constant value at sufficiently small energies. However, it should be
stressed that the dynamical reasons for this behavior are distinct. In the electroweak theory the con-
stancy of |Φ|2 is due to the Mexican hat shaped potential which is designed to have a specific minimum.
In contrast, the approach to a constant V 2 in the a1 − b2 action is not due to some Mexican hat shaped
potential, not even in disguise. This can immediately be understood from the fact that different solutions
to the same equations of motion can have different asymptotic values of V 2. This is not possible within
the electroweak theory since the asymptotic value of |Φ|2 always coincides with the minimum valued of
the Mexican hat potential. Thus, within this action is a new mechanism for achieving a constant value
of V 2. By recasting the equation for V 2 into a second order form we see that a viscous term appears and
this suggests that the constancy of V 2 is caused by ‘friction’ causing the velocity |dV 2/dτ | to decrease.
Note that this mechanism is entirely distinct from the mechanism discovered in [41] wherein it was found
that certain combinations of {ai, bi, ci} terms in the action were equivalent to a scalar-tensor theory
equipped with a potential with stable minimum at non-zero V 2. We leave it for future investigations to
determine whether the former, new symmetry breaking mechanism also works outside the cosmological
framework developed in this paper.
Indeed, the theory discussed in this paper is very general, and is represented by the action (5).
It turns out to be a theory with an Einstein-Cartan term and a cosmological “constant”, as well as
Holst term, Euler, Pontryagin and Nieh-Yan boundary terms; however all these terms appear multiplied
by factors that depend on a field φ (representing the modulus of V a) in a very specific form laid out
in Eqns. (6). Therefore the usual “boundary terms” are no longer necessarily pure boundary terms.
Newton’s “constant” and Lambda are also typically functions of φ. In fact, the cosmological term can
never be independent of φ constant for actions polynomial in {Aab, V a}, and specifically we recover the
Peebles-Ratra quintessence model. The field φ has propagating dynamics, even though this is not evident
in the first-order action, and only becomes clear when we eliminate degrees of freedom, appealing to the
torsion equation.
Remarkably this new theory allows for “deterministic” classical signature change in the following
sense. As explained in Section 4, it is possible to construct solutions in the second order formalism which
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appear to change signature classically. Although such solutions exist, one may argue that they do not
appear naturally within the standard metric formulation. To quote Ellis et al [44]:
‘The Einstein field equations by themselves do not determine the spacetime signature; that is
imposed as an extra assumption’.
In contrast we see that in the theory envisaged here the signature changes has part of the “deterministic”
classical dynamics of a gravitational Higgs field. The phenomenon occurs whenever the dynamics takes
the field’s SO(1, 4) norm, V aVa, from positive to negative, or vice versa. We have found a large array of
such solutions, ranging from very simple to very complex, some more realistic than others.
Specifically, we noted that the form of the functions multiplying the various terms in the action
depends on the coefficients chosen for the unbroken theory. In the simplest case we can turn-on only
one of these terms, the “a1-term”. A very simple analytical solution, exhibiting signature change, was
found in Section 6. Unfortunately when we study solutions to this theory we found that it never becomes
Einstein-Cartan asymptotically, i.e. the modulus of the symmetry breaking field never stabilizes. We
can regard it as a useful toy-model for signature change in modified gravity, but nonetheless were led
to seek more complex, but more realistic solutions in Section 7, based on adding on more terms to the
action (the “b2 term”, specifically).
In this context we found a large array of solutions, including some which do asymptote to Einstein
gravity when the universe is large, but experience signature change when the universe is small, first in a
contracting, then in an expanding phase. We have also found other interesting oddities, such as eternally
oscillating universes, with the signature oscillating between Lorentzian and Euclidian. We find also many
solutions without signature change, both Euclidean and Lorentzian. In particular there are bouncing
universes without signature change in this model. Whether or not these classical solutions are realized,
it is of note that they would have to be included in any gravitational path integral.
In closing we mention a few open issues, left unresolved in this paper. The coefficients {ai, bi, ci}
(which could be promoted to functions of available de Sitter invariant scalars such as V 2) collectively
amount to a vast parameter space. We have explored only a small corner of this space, with interesting
conclusions, but the question arises as to whether these features are generic within these models, and
whether other types of behaviour exist. It is conceivable that more basic principles may ultimately
place restrictions on the expected relative size of the {ai, bi, ci}. By way of example, it is known that
the Lagrangian ǫabcdeV
eF abF cd in isolation can arise following dimensional compactification of a five
dimensional theory based on the Chern-Simons five-form for the group SO(1, 5) [53].
In addition one can investigate the effects of matter coupling in the Cartan gravity description. The
coupling of spinor, scalar, and gauge fields to the gravitational fields {Aab, V a} in the limit where the
norm V 2 is fixed has been investigated [34, 51] . Generalisation to the case of a truly dynamical V 2
remains; one may wonder whether, for instance, the presence of a matter scalar field prevent signature
change from happening? Is there a deeper insight into what happens to scalar field dynamics in the
presence of signature change in Cartan gravity vs metric General Relativity? We hope to devote some
work in the future to a more comprehensive exploration of these theories.
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A Imposing FRW symmetry
The Cosmological Principle dictates that the universe is spatially homogeneous and isotropic at large
scales. Such symmetry is commonly referred to as FRW symmetry. From a mathematical point of view
we require that our solutions are invariant under diffeomorphisms representing rotations and transla-
tions/transvections. If space is three-dimensional we have three rotations and three translations and
thus our symmetry group should be six-dimensional, i.e. we have six Killing vectors which can be shown
to take the form (see e.g. [28])
ξ(i) =
√
1− kr2 ∂
∂xi
ξ(ij) = xi
∂
∂xj
− xj ∂
∂xi
(74)
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where k = −1, 0,+1 and r2 = δijxixj and the xi coordinates are related to spherical coordinates (r, θ, ϕ)
in the manner that Cartesian coordinates are. Indeed for our purposes it is more convenient to express
these Killing vectors in spherical coordinates:
ξ(12) = ∂ϕ ξ(31) = cosϕ∂θ − sinϕ
tan θ
∂ϕ ξ(23) = − sinϕ∂θ − cosϕ
tan θ
∂ϕ. (75)
The different values of k correspond to the only three possible groups that are compatible with homo-
geneity and isotropy:
• k = 0: the commutators of these six Killing vectors satisfy the Lie-algebra of the inhomogeneous
Euclidean group ISO(3), i.e. the symmetry group of an infinite flat Euclidean space
• k = +1: the commutators of these six Killing vectors satisfy the Lie-algebra SO(4), i.e. the
symmetry group of the three-sphere S3
• k = −1: the commutators of these six Killing vectors satisfy the Lie-algebra of SO(1, 3), i.e. the
symmetry group of an infinite hyperbolic three-dimensional space.
To achieve homogeneity and isotropy in the metric formulation we would simply impose the conditions
Lξ(i)gµν = Lξ(ij)gµν = 0
where Lξ is the Lie-derivative along a vector field ξ and geometrically is understood as an infinitesimal
diffeomorphism. However, Cartan gravity operates with different fundamental variables from that of the
second order metric general relativity. Instead of a metric tensor gµν we have the two objects; a scalar
V a and a connection Aab both valued in the Lie-algebra so(1, 4). The presence of non-tensor indices,
i.e. the SO(1, 4) gauge indices a and b, poses some challenges for how to impose FRW symmetry on our
variables, i.e. homogeneity and isotropy. The reason for this is that any equation such as Lξ(i)V a = 0, as
may be checked, is not gauge covariant. One suitable approach is to require that all the possible SO(1, 4)
invariant tensors built out of the pair {Aab, V a} should exhibit FRW symmetry. For example, in a open
set where V 2 > 0 we can always gauge fix so that V a
∗
= φδa4 and e
I ∗= DV I . This co-tetrad eIµ must
yield a FRW symmetric metric gµν = ηIJe
I
µe
J
ν (see e.g. [54])
gtt = gtt(t) grr =
a2(t)
K(r)2
gθθ = a
2(t)r2 gϕϕ = a
2(t)r2 sin2 θ K(r) =
√
1− kr2. (76)
A convenient choice of co-tetrad eIµ that yields (76) is
e0t =
√
|gtt| e1 = a(t)
K(r)
dr e2 = a(t)rdθ e3 = a(t)r sin θdϕ. (77)
Furthermore, whenever the inverse eµI of e
I
µ exists the torsion tensor
T ρµν ≡ eρIT Iµν (78)
must also display FRW symmetry, i.e. satisfy Lξ(i)T ρµν = Lξ(ij)T ρµν = 0 which yields the most general
functional form [28]
T rθϕ = f(t)r
2K(r) sin θ T ϕrθ =
f(t)
K(r) sin θ
T θrϕ = −f(t) sin θK(r) T
r
tr = T
θ
tθ = T
ϕ
tϕ = g(t) (79)
or using T I = 1
2
eIρT
ρ
µν dx
µdxν
T i = g(t)eie0 + f(t)ǫijke
jek (80)
It may further be checked that T 0 = 0.. Using the definition of the torsion two-form T I = deI+ωIJeJ
allows us to read off the most general functional form of the spin connection ωIJ
ω0i = B(t)Ei ω12 = −K(r)
r
E2 − C(t)E3
ω13 = −K(r)
r
E3 + C(t)E2 ω23 = − cot θ
r
E3 − C(t)E1. (81)
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In the gauge V a
∗
= φδa4 we can now deduce the most general functional form of the SO(1, 4) connection
Aab
∗
=

 0 B(t)Ej N(t)E0−B(t)Ei ωij A(t)Ei
−N(t)E0 −A(t)Ej 0

 . (82)
We stress that this functional form of Aab was obtained under the assumption that V a is space-like.
However, it is straightforward to verify that starting with a time-like V a yields the same functional form
for Aab. Therefore (82) is the most general FRW symmetric form of Aab.
From the gravitational Higgs field V a we can form the gauge invariant scalar V 2 = ηabV
aV b. Imposing
FRW symmetry yield V 2 = V 2(t). Secondly, we can always adopt a gauge such that V i
∗
= 0. Therefore
the form of the gravitational Higgs field is
V a
∗
= (ψ(t), 0, 0, 0, φ(t)). (83)
B General Action
Imposing FRW symmetry on the action (4) yields, up to boundary terms,
S =
∫
Ldt ≡
∫
(La1 + La2 + Lb1 + Lb2 + Lc1) dt (84)
where
La1 = 4a1
(
−ǫABV ADWB
(
k −W 2 − C2)− 2ǫABWAV BCDC)
= 4a1ǫAB
(
V BDWA (k −W 2)+ C2WADV B) (85)
La2 = 2a2CWAV
AVBDWB (86)
Lb1 = 2b1
(
WAV
AǫBCV
BDV C (k −W 2 − C2)− (WAV A)2ǫBCV BDWC) (87)
Lb2 = −
b2
2
C(WAV
A)2DV 2 (88)
Lc1 = 4c1(WAV
A)3ǫBCV
BDV C . (89)
The contribution due to the b3 term is largely similar to the contribution to the a2 term.
C Derivation of a1b2 equations of motion
The a1 − b2 action is given by
Sa1b2 =
∫
dt4a1
(
V¯ADWA(k −W 2) + C2WADV¯A − χCVADV A(WBVB)2
)
which yields the equations of motion
N : 0 = V ·W (k −W 2 − C2) (90)
WA : 0 = −D(V¯A(k −W 2 − C2))− 2V¯BDWBWA − 2C˙CV¯A − χ
2
VACDV 2(W · V ) (91)
V A : 0 = −DW¯A(k −W 2 −C2) + 2C˙CW¯A + χVAD(C(W · V )2)− χCDV 2WA(W · V ) (92)
C : 0 = 2CWADV¯A − χ
2
DV 2(W · V )2. (93)
Adopting the solution 0 = k −W 2 − C2 to the N equation of motion and implementing this restriction
in the remaining equations we have
WA : 0 = 2C˙CV¯A + 2V¯BDWBWA + χ
2
VACDV 2(W · V ) (94)
V A : 0 = 2C˙CW¯A + χVAD(C(W · V )2)− χWACDV 2(W · V ) (95)
C : 0 = 2CWADV¯A − χ
2
DV 2(W · V )2. (96)
Let us then make the following ansatz for WA:
WA =
1
2
(k − C2 + 1)WA + 1
2
(k − C2 − 1)W¯A (97)
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where WAWA = 1. As may be checked we have
W 2 =
1
4
(
(k − C2 + 1)2W2 + (k − C2 − 1)2W¯2) = 1
4
(
(k − C2 + 1)2 − (k −C2 − 1)2) = k − C2 (98)
and we also have
DWA =
1
2
(k −C2 + 1)DWA + 1
2
(k − C2 − 1)DW¯A − C˙C(WA + W¯A) = N W¯A − C˙C(WA + W¯A)
(99)
which yields
V¯ADW
A = V¯A(N W¯A − C˙C(WA + W¯A)) = Na− C˙C(V¯ · W − V · W) (100)
a = −VAWA = 1
2
(k −C2 − 1)V¯ · W − 1
2
(k − C2 + 1)V · W (101)
a¯ = V¯AW
A =
1
2
(k − C2 + 1)V¯ · W − 1
2
(k − C2 − 1)V · W. (102)
Furthermore using equations (101) and (102) we have that
a¯+ a =
1
2
(k − C2 − 1)V¯ · W − 1
2
(k −C2 + 1)V · W + 1
2
(k − C2 + 1)V¯ · W − 1
2
(k − C2 − 1)V · W
= (k − C2)(V¯ · W − V · W) (103)
so that
V¯ADW
A = Na− C˙C(V¯ · W − V · W) = Na− C˙C a¯+ a
k − C2 . (104)
Using the above expressions in the equations of motion (94) to (96) and contracting the equations
variously with WA with W¯A we have
0 = (k − C2)CDV 2 − C˙a2 − 2Ca˙a (105)
0 = −C˙C(k − C2)− (χC˙a2 + 2χCa˙a)a¯ (106)
0 = −
(
Na− C˙C a¯+ a
k − C2
)
(k − C2)− C˙Ca¯− χaCaDV 2 (107)
C˙ = −χa¯DV 2 (108)
0 = −2C
(
Na− C˙C a¯+ a
k −C2
)
+ 2C ˙¯a − χa2DV 2. (109)
Thus we see we have written the evolution equations for this system in terms of time derivatives of
gauge-invariant quantities {a, a¯, C, V 2}. Multiplying the constraint condition 0 = k −W 2 − C2 by V 2
we obtain the constraint a2 − a¯2 = (k−C2)V 2 = (a− a¯)(a+ a¯), which may be used to eliminate k from
equations (105) and (109):
a˙ = −N a− a¯
2χC2V 2
C(k −C2) + χa¯a2
a
(110)
DV 2 = −N2C a− a¯
2χC2V 2
(111)
C˙ = N2χa¯C a− a¯
2χC2V 2
(112)
˙¯a = N a− a¯
2χC2V 2
χ(2C2V 2 − a2). (113)
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